Introduction.
We divide the paper into two sections. In §1 we consider some rather general properties of locally compact groups and establish their relationships to pro-Lie groups. In §2 we obtain some related results and consider pro-Lie groups in more special settings. We obtain several characterizations of pro-Lie groups, the last one in terms of the bounded part and periodic part of the group. In this paper we are concerned only with those groups which are locally compact.
The following background is taken directly from the referee's report. The application of Lie group theory is the basis of most of the finer results on the structure theory of locally compact groups.
Historically, the first half of this century saw topological group theory concentrate on the interaction of Lie group theory and the general theory of compact and locally compact groups. The guiding principle was one of Hilbert's problems formulated at the turn of the century (the famed number FIVE). Even before this program was completed, Iwasawa published a key paper in 1949 on the structure theory of locally compact groups which are projective limits of Lie groups, i.e. those groups which now are called-somewhat unfortunately from the view point of good English-pro-Lie groups. The vitality of Iwasawa's ideas continues to influence writers in the area up to these days, as is, e.g., exemplified by this paper. The fine-structure theory of locally compact groups flourished through the sixties. While this work did not show the raw power of penetration of the work of Gleason, Montgomery, and Yamabe, which in the early fifties led to the solution of Hilbert's Fifth Problem, it contributed much to the insight into the structure of more special classes of locally compact groups through the contributions of Grosser, Hofmann, Moskowitz, Mostert and their followers and students. In the meantime one observes a steady, although somewhat slower, flow of results on locally compact groups, and their structure theory springs from the work of researchers in the field, while more vigorous endeavors go into the representation theory of locally compact groups and, notably, Lie groups.
Structural results on locally compact groups are the deeper and more successful, the closer the groups under consideration are to Lie groups. Thus, pro-Lie groups and their characterization must necessarily play a central role. This leads to the emergence of various classes of locally compact groups becoming significant through their relationship to pro-Lie groups. The research presented in this paper is no exception in this regard. It is perhaps most significantly different from the traditional line insofar as it emphasizes a wider class of topological groups than those which are locally compact projective limits of Lie groups, namely, groups whose Lie group quotients separate the points. This condition is strictly weaker than being pro-Lie-even within the class of locally compact groups!-and it is strictly stronger than having enough representations into Lie groups to separate the points. Among several other results, this paper contributes to the relationship between these so-called residual Lie groups and pro-Lie groups.
1. Some characterizations of pro-Lie groups. DEFINITION 1.1. A locally compact topological group G is an M-group if and only if for every neighborhood U of the identity there is a neighborhood W of the identity such that gHg~x C U for every g G G and every subgroup H C W. A locally compact topological group G is an L-group if and only if, for every neighborhood U of the identity and every compact set C, there is a neighborhood W of the identity such that gHg~l C U U (G -C), equivalently gHg~l n C C U, for every g G G and subgroup H C W.
The following characterizations of M-groups and L-groups are proved easily. REMARK. A locally compact topological group G is an M-group if, for each pair of nets {xa} and {ga} in G, the net {gaxag~1} converges to the identity whenever {Xa} converges to the identity, where Xa is the group generated by xa. If, for each pair {xQ}, {ga}, the net {Sa^affa1} either converges to the identity or fails to converge whenever {Xa} converges to the identity, then G is an L-group.
Topological groups which are SIN-groups, that is, have small neighborhoods of the identity, invariant under all the inner automorphisms, have been studied a great deal (see, for example, [3] ). Since Lie groups in general are not SIN-groups, it is natural to consider a more general class than the class of SIN-groups. We demonstrate that the class of M-groups is a natural one in this respect.
In [2, Theorem 3], we showed that a compactly generated A^-group is SIN. An iV-group is a group G such that, for each neighborhood U of the identity and compact set C, there is a neighborhood V such that gVg~l C U U (G -C) for every g G G. Essentially the same proof in [2] referred to above establishes the following proposition.
By "compactly generated^ (CG) we mean generated by a compact neighborhood of the identity. In particular, compactly generated groups are locally compact. PROOF. The "only if" part follows from the fact that a Lie group has no small subgroups.
To prove that a locally compact M-group is pro-Lie, we let G be locally compact and Gi an open subgroup of G which is pro-Lie [6, p. 174] . Thus, there is a neighborhood base {VQ} at the identity of G and compact subgroups {Ka} such that Ka C Va, Ka is normal in G\, and Gi/Ka is a Lie group. Let V be an arbitrary neighborhood of the identity of G. There is a compact neighborhood U of the identity and a compact subgroup H contained in V such that every subgroup contained in U is contained in H [6, p. 172]. If G is an M-group, then gKaog~l C U for every g G G and some a0-Otherwise there exist {ka} and {ga} such that ka € Ka and gakagZl & U-This is a contradiction since {Ka} converges to the identity. We let K = Kao, satisfying the above condition. It follows that gKg~x C H for every g G G and, hence, \\{gKg~x : g G G} generates a compact subgroup TV c V which is normal in G. Since G\/N = G\/NK and Gi/K is a Lie group, Gi/N is a Lie group. Therefore G/N is a Lie group and G is pro-Lie as desired.
COROLLARY l. A compactly generated L-group is pro-Lie. A locally compact SIN-group is pro-Lie (see Theorem 2.11 of [3] ).
COROLLARY 2. If G is a locally compact L-group and has a compact normal subgroup K such that G/K is a Lie group, then G is pro-Lie.
PROOF. It is easy to see that G is an M-group. Thus the corollary follows immediately from the theorem. DEFINITION 1.3. A locally compact group G is a residual Lie group if there is a collection of closed normal subgroups {Ha} such that f]Ha -e and G/Ha is a Lie group for each a.
Obviously every pro-Lie group is a residual Lie group, but simple examples show that the converse does not hold. We see by Theorem 1.4 below that the converse does hold for compactly generated groups. This is an extension of the Main Approximation Theorem [6, p. 175 ]. THEOREM 1.3. If G is a topological group which has a collection of closed normal subgroups {#-,} such that f)H1 = e and G/H1 is an M-group for each 7, then G is an L-group.
PROOF. If G is not an L-group, there is a net {Xa} of subgroups of G which converges to the identity of G and {gaxag~1} converges tox^c for some net {ga}, where xa G Xa. We choose a closed normal subgroup H such that x £ H and G/H is an M-group. Now gaxag~1H converges to H; so xH -H, a contradiction, which implies that G is an L-group.
COROLLARY. If G is a residual Lie group, then G is an L-group. With Corollary 1 of Theorem 1.2 we established the fact that compactly generated L-groups are pro-Lie. Another result of this sort is Proposition 1.5 below which characterizes pro-Lie groups among L-groups. We also noticed that residual Lie groups are L-groups.
PROPOSITION 1.5. A topological group G is pro-Lie if and only if G is an
L-group and has a compact neighborhood U of the identity such that, for some neighborhood V of the identity, gHg~l c U for every g G G and subgroup H C V.
PROOF. Let W be any neighborhood of the identity. If G is an L-group, there is a neighborhood Wi of the identity such that IVi c V and gHg~l n U C W for every g G G and subgroup H c Wi, where U and V are the neighborhoods referred to in the proposition. By hypothesis gHg^1 C U. Thus gHg~l C W for g G G.
This proves that G is an M-group, and it follows that G is pro-Lie.
For the converse let G be pro-Lie and let U be a compact neighborhood of the identity. There is a compact normal subgroup K c U such that G/K is a Lie group. Thus there is a neighborhood V of the identity such that every subgroup H contained in V is also contained in K. Thus gHg~* C K C U for every g G G.
In [3] the class [IN] of groups was defined as those which have a compact invariant neighborhood of the identity. A topological group of this class is not necessarily SIN nor residual Lie as is shown by the example obtained as the semidirect product of the group K = {0,1}Z, with the group Z acting by shifts. We note that K is a compact neighborhood of the identity which is invariant under all the inner automorphisms of the group. This group is not an L-group. As a matter of fact we have the following corollary of Proposition 1.5.
COROLLARY. If G is an L-group in the class [IN], then G is pro-Lie.
Clearly, if G is a locally compact SIN-group, then G is an L-group and in the class [IN] . Thus, by the corollary, every localy compact SIN-group is pro-Lie (see Theorem 2.11 in [3] ). However, an MAP-group is not necessarily pro-Lie [2, Example 2].
It is easy to see that a locally compact group which is embeddable in a pro-Lie group is itself a residual Lie group. By "embeddable" we mean there is a continuous isomorphism into.
In [1] an example of a locally compact residual Lie group which is not embeddable in a pro-Lie group is given. Thus, in general, "pro-Lie" and "residual Lie" are quite distinct. However, Theorem 1.4 established the equivalence of "pro-Lie" and "residual-Lie" for compactly generated groups. We have the following corollary of that result. PROPOSITION 1.6. If G is a compactly generated group which is embeddable in a pro-Lie group, then G is pro-Lie.
PROOF. Since G is embeddable in a pro-Lie group and G is locally compact, G is a residual Lie group. It follows from Theorem 1.4 that G is pro-Lie.
As mentioned above, Lie groups in general are not SIN, but SIN groups are proLie. We see by the next proposition that, for totally disconnected locally compact groups, the classes of pro-Lie groups and SIN-groups coincide. PROPOSITION 1.7. A locally compact totally disconnected group is pro-Lie if and only if it is a SIN-group.
PROOF. The "if" part has already been established. For the converse, we assume that G is pro-Lie and let U be a neighborhood of the identity. There is a neighborhood W of the identity such that gHg~x C U for every g G G and every subgroup H c W. Since G is totally disconnected there is a compact open subgroup K of G contained in W [6, p. 54], Thus \JgKg~1 is an invariant neighborhood of the identity which is contained in U. COROLLARY 1. If G is a totally disconnected, compactly generated L-group, then G is SIN. and has an open normal subgroup Gi such that Gi/Go is compact, then G is proLie.
PROOF. There is a maximal compact normal subgroup K of Gi and Gi/K is a Lie group [2] . The proof is completed by application of Corollary 2, Theorem 1.2.
For locally compact topological groups G the properties, pro-Lie, SIN, and Lie are preserved under the canonical maps into factor groups G/H where ii is a closed normal subgroup of G. This is not the case with N-groups [2] , and as far as we know may not be the case with residual Lie groups or L-groups. However, we have the following result for L-groups, and later we prove a similar result for residual Lie groups. PROPOSITION 1.9. If G is a locally compact L-group and K is a compact normal subgroup, then G/K is an L-group. PROOF. We let Gi be the group generated by VK where V is a compact neighborhod of the identity. Then Gi is an open compactly generated L-group. Thus Gi is pro-Lie by Proposition 1.1 and Theorem 1.2. Let U be a neighborhood of the identity of G and C a compact subset of G. We prove there is a neighborhood V of the identity such that gHg~l n CK c UK for every g G G and subgroup H c VK. This will prove that G/K is an L-group. Since Gi is pro-Lie and G is an L-group, there is a neighborhood W of the identity and a compact subgroup N C W such that N is normal in Gi, Gi/N is a Lie group, and gMg"1 n CK c U for every g G G and subgroup M C W. Since Gi/NK is a Lie group there is a neighborhood V of the identity such that V C W and every subgroup contained in VNK is contained in NK. Let H C VK. Then gNg~l n CK C U and gHg-1 n CK C gNKg'1 n Gif C f/if. This completes the proof. PROOF. Let g G G such that g (£ K. Choose a neighborhood V of the identity of G such that g <£ VK. Let {Ha} be a collection of closed normal subgroups of G such that f] Ha -e and G/Ha is a Lie group for each a. Since G -V is «r-compact, there is a countable collection {Hi} from {Ha} such that f]Hi c V. There is no loss of generality in assuming that the sequence {Hi} is monotone decreasing by inclusion. Thus f)HiK C VK and, for some H in {Hi}, we have g £ HK and G/HK is a Lie group. This completes the proof.
Properties
of locally compact groups related to pro-Lie groups. In this section we consider pro-Lie groups in more specific settings than those of §1. We show that a locally compact, «r-compact group G is pro-Lie if G/K is pro-Lie, where Ä" is a compact normal subgroup on which the inner automorphisms of G restricted to K are equicontinuous.
We prove that a compactly generated nilpotent group has a maximal compact normal subgroup. If a locally compact L-group has a maximal compact normal subgroup, then it is pro-Lie. Our Theorem 2.6 is a generalization of Theorem 4 of [4] .
As opposed to the situation for Lie groups, a topological group G may fail to be pro-Lie even though G/K is pro-Lie for a closed normal pro-Lie subgroup K. As a matter of fact the semidirect product G, referred to after the proof of Proposition 1.5, has the compact normal subgroup K and G/K is discrete. Yet G is not residual Lie. However, there are pertinent results; for example, Theorem 2.2 below. 
we see that Z(Ki,Gi) is pro-Lie. It follows that Z(Ki,Gi)Ki is pro-Lie, and by Lemma 2.1, Gi is pro-Lie. The conclusion follows since N was taken to be arbitrarily small. PROPOSITION 2.3 . If G is a compactly generated nilpotent group, then G has a maximal compact normal subgroup K and G/K is a Lie group.
PROOF. It follows from [4, Theorem 9] that G is pro-Lie. Thus, the proof can be reduced to the case that G is a Lie group. In this case G/Go is discrete. Thus, if G/Go has a maximal finite subgroup, then G has a maximal compact group, hence a maximal compact normal subgroup. The proof can be completed by showing that a finitely generated nilpotent group has a maximal finite subgroup. This follows from the discrete version of Proposition 8 of [4] , using induction on the nilpotency class of G.
We now prove a theorem which is a generalization of Theorem 4 of [4] . We first prove two lemmas. LEMMA 2.4. Let G be a closed normal pro-Lie subgroup of a locally compact group F. Let Gi be any normal subgroup of G such that Gi/Go is compact and let Q be the maximal compact normal subgroup of Gi. Then FqG is contained in ZG, where Z is the centralizer of Q relative to FqG and FqG is contained in the normalizer in F of every compact normal subgroup K of G.
PROOF. We first show that Gi is normal in Fo~G. ligGGi, then {fgf~l : f G Fo} is connected and intersects gGo, a component of G. Thus fgf~x G gGo C Gi for each / G FQ. It follows that Gi is normal in FqG since Gi is normal in G. Since Q is maximal compact normal in Gi, Q is normal in F0G. Let {<pj : f G Fo} be the automorphisms of Q which are the restrictions of inner automorphisms determined by the elements of Fq. By [5, Theorem 1] each tp¡ is an inner automorphism of Q. Thus, for each / G F0, there is q G Q such that f/(x) = qxq~l for all x G Q, le^fxf-1 = qxq'1 for all x G Q. It follows that q-1/ G Z. Thus F0 C ZQ and F0G C ZG, as desired. If K is compact normal in G, choose Gi so that GqK C Gi; then K C Q and the last assertion follows. LEMMA 2.5. If G is a compactly generated pro-Lie closed normal subgroup of a locally compact group F, then FqG is pro-Lie.
PROOF. There is no loss of generality in taking F = F0G. Let G C K, normal in F, be such that K/G is maximal compact normal in F/G, a connected locally compact group. Further, F/K is a connected Lie group without nontrivial compact normal subgroups. By 2.4 every compact normal subgroup of K is normal in F. It follows that F is pro-Lie since K is. THEOREM 2.6. If F is a locally compact group, G is a compactly generated closed pro-Lie normal subgroup, and Fi is any open subgroup of F containing Fo and G such that Fi/FqG is compact, then Fi is pro-Lie.
PROOF. By Lemma 2.5, i*oG is pro-Lie. Since Fi/FoG is compact, it follows from the theorem below that Fiis pro-Lie. THEOREM 4 [4] . If F is a locally compact group and G is a compactly generated pro-Lie closed normal subgroup such that F/G is compact, then F is pro-Lie.
Our final theorem characterizes pro-Lie groups in terms of the bounded and periodic parts of the group. We let R(G), the bounded part of G, be the set of all elements whose conjugacy classes are relatively compact, and P(G), the periodic part of G, be the set of all elements of G contained in compact subgroups of G. By [7, Theorem 4] , B(G) n P(G) is a normal subgroup of G Before proving the theorem we prove three lemmas. For the lemmas as well as the theorem we let L be the closure of the subgroup generated by the union of the collection of all compact normal subgroups of G. PROOF. Let g G Go and x G R C B(G)f)P(G). There is a compact subgroup H containing x which is normal in G [7, Corollary 5.6] . By Theorem 1 of [5] there is an element y G H such that gyx = xgy, since g G Go induces an automorphism on H which is an inner automorphism of H. It follows that g G Ng(B)H. The conclusion of the lemma follows since H C B(G) f) P(G) and B is normal in R(G) n P(G). It follows that G is pro-Lie.
To complete the proof we note that (1) and (2) follow from Lemma 2.8, and if G is pro-Lie the subgroups Ba can be chosen as normal subgroups of G.
As mentioned earlier, an example of a residual Lie group which is not embeddable in a pro-Lie group is given in [1] . The referee suggests the following general construction, which yields examples of the same sort.
Let {Gj : j G J} be a family of discrete groups, each of which is a semidirect product of an infinite normal subgroup Nj and a finite subgroup Fj in such a fashion that Nj is contained in the group [Nj,F3] generated by all commutators [n,/] = nfn~1f~1, with n G Nj, f G Fj. Then any normal subgroup of Gj containing Fj must contain [Nj,Fj] , hence Nj and also Fj, hence all of Gj. Now let G be the subgroup of \\jej Gj of all (gj)j^j, almost all of whose components gj are in Fj, and declare the subgroup Yljej Pj m its Tychonoff topology to be open in G. The projections of the product induce on G quotient maps onto the discrete groups Gj; hence G is residually discrete (hence residually Lie). If /: G -► L is a continuous injective morphism into a pro-Lie group then we find in L arbitrarily small open identity neighborhoods V containing a unique maximal subgroup N which is compact and normal in L. Then U = /_1(V) is an identity neighborhood of G with a unique maximal subgrojup M = f_1(N) which is MAP and normal in G. If J is infinite, then every identity neighborhood of G contains at least one Fj (identified with its canonical image in G). It follows that M contains such an Fj and then, since M is normal, also all of Gj by the choice of Gj, Nj and Fj. The point of the construction is then to choose Gj, Nj, and Fj so that, in addition, Fj is not MAP, in order that G will not allow a continuous injection into a pro-Lie group.
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